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Abstract. In this article, the influence of thermal conductivity on the dynamics of a 
rotating nanobeam is established in the context of nonlocal thermoelasticity theory. To 
this end, the governing equations are derived using generalized heat conduction 
including phase lags on the basis of the Euler–Bernoulli beam theory. The thermal 
conductivity of the proposed model linearly changes with temperature and the 
considered nanobeam is excited with a variable harmonic heat source and exposed to a 
time-dependent load with exponential decay. The analytic solutions for bending 
moment, deflection and temperature of rotating nonlocal nanobeams are achieved by 
means of the Laplace transform procedure. A qualitative study is conducted to justify 
the soundness of the present analysis while the impact of nonlocal parameter and 
varying heat source are discussed in detail. It also shows the way in which the 
variations of physical properties due to temperature changes affect the static and 
dynamic behavior of rotating nanobeams. It is found that the physical fields strongly 
depend on the nonlocal parameter, the change of the thermal conductivity, rotation 
speed and the mechanical loads and, therefore, it is not possible to neglect their effects 
on the manufacturing process of precise/intelligent machines and devices. 
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1. INTRODUCTION 
Thermomechanical effects resulting from the interaction of temperature and 
deformation fields are of particular significance in various modern designs such as high-
speed aircrafts, jets, gas and steam turbines, nuclear reactors and missiles. Both 
theoretical and practical concerns, including a rapid supply of thermal energy, have been 
gaining increasing attention. The conventional heat conduction theory, on the basis of the 
Fourier’s law, takes an instant reaction to the temperature gradient and gives a distinctive 
parabolic equation for temperature change.  
To solve the infinite speed thermal propagation phenomena predicted by the classical 
thermoelasticity theory, modified generalized theories of thermoelasticity have been 
established. Lord and Shulman [1] suggested one of the modified generalized 
thermoelasticity theories containing a relaxation time by introducing a novel rule for 
thermal conductivity to modify the classic Fourier law. The refined law includes the heat 
flux and its partial derivative with respect to time. Among the models that have gained 
great popularity in recent years, the model presented by Tzou [2-4] is of great interest to 
the researchers in the field. In this model, Tzou introduced thermal heat conduction 
model with dual-phase lag (DPL) to include the effects of microscopic reactions in the 
rapid transit of heat transfer mechanism into a microscopic formula. In the constitutive 
relationship between the temperature gradient and heat flux, two different phase-lags 
have been introduced. Many efforts were made to overcome the problem of unlimited 
speeds of heat waves predicted by the classical thermoelasticity theory [5-8]. 
At high operating temperatures, thermal conductivity becomes more significant in 
popular areas such as materials science, electronics and building insulation. Temperature 
has a distinctive impact on thermal conductivity of metals and non-metal materials. 
Thermal conductivity in physics is defined as the capacity of materials for heat transfer. 
This specifically occurs in the Fourier's heat conduction theory. It was demonstrated 
through practical experiments that as temperature rises, thermal conductivity of pure 
metals decreases. In alloys, any rise in temperature results in increasing thermal 
conductivity, and generally, the variation of electrical conductivity is smaller than that for 
temperature [9]. 
The rapid development in micro-electromechanical systems (MEMS) led to more 
complex sensors and electronic devices. In order to satisfy the industrial requirements, 
new technologies have been exploited to design high-tech MEMS products. MEMS 
structures include mechanical components, e.g. small cantilevers, extensions and films 
that have been frequently filled with a variety of geometrical measurements and 
arrangements [10]. The influences of small-scale interactions between the neighboring 
material particles or constituents must be taken into account for these micro/nano-
structures. This effect can be observed in miniaturized sub-micron systems like nano-
actuators and nano-sensors, microscopes and micro/nano-electronic systems. It is 
important for designers and engineers to discover the accurate thermomechanical features 
of ultra-high sensitive devices in order to attain the true aim of providing for the measure 
of diversion from associated loads in order to forestall cracks, improve the execution and 
produce the suitable lifetime for MEMS devices [11]. 
From the discussion above, the principle of vibration is well-known and well-studied 
in dual beam systems. Nevertheless, the scale-dependent vibration of beam systems 
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makes few contributions. The structures of scale-dependent nanobeams are constructed 
from nano-materials with special properties because of their dimensions at the nanoscale. 
Nanoparticles, nanowires and nanotubes are common examples of the materials with 
attractive features in sub-micron scales [12].  
Nanomaterials are the base choices of technological products for the next century and 
have intensified the interest of the scientific community in advanced physics, chemistry, 
biomedicine and different branches of technological sciences. From mechanical point of 
view, due to their sub-micron dimensions, the impact of small-scale exhibits significant 
features resulting from the measurements of atomic fission. The strength of the 
mechanical piezomagnetic nanosized sensors was studied in post-buckling state by 
Malikanet al. [13]. A powerful flexomagnetic characteristic is also considered in this 
research. Furthermore, as a result of the flexomagnetic effects, the stability of the Euler-
Bernoulli porous nanobeam was thoroughly investigated by Malikan et al. [14]. The 
magnetization with strain gradients is related to the flexomagnetics. Malikan et al. [15] 
created an Euler-Bernoulli beam model incorporating the combination of piezomagnetic-
flexomagnetic properties and small-scale effects. Flexoelectricity was also studied for a 
piezoelectric nanobeam by considering the internal viscoelasticity [16]. 
As mentioned earlier, the size effect has a great contribution in the static and dynamic 
behavior of micro and nanoscale structures and should not be neglected, that is, the 
classical continuum mechanics at nanoscale does not make any sense and must be 
modified accordingly. Nanomaterials are used in complex nanoelectromechanical 
systems (NEMS) as well as nanocomposites due to their attractive properties. Nanoscale 
devices are referred to the structures and systems constructed from nanosize materials. 
The small-scale impact in the nonlocal elasticity is defined by the assumption that stress 
vector is related to the entire strain field of the whole body (Eringen, [17]). It is distinct 
from the classical theory of elasticity. Nonlocal theory takes into account interatomic 
interactions over a long time and its findings depend on the dimensions of the body. The 
nonlocal theory includes the knowledge about the long-range forces between points along 
these lines and the internal length scale is essentially used as a material parameter to 
detect the small scale effects. Any inconveniences of classical continuum theory can be 
easily avoided and then on local elasticity theory may appropriately describe the size-
dependent phenomena. The use of the conventional theory in studying the behavior of 
nanostructures is inappropriate in many cases because the classical theories are not 
responsible for small-scale effects. 
Recent nanotechnological considerations have led to the application of nonlocal 
elasticity in submicron scales and the literature indicates that the nonlocal theory of 
elasticity is typically used progressively to analyze the nanostructures in a consistent and 
fair manner. The fundamental contrast of the conventional local elasticity theory to those 
proposed by Eringen called nonlocal one [17–19] substantially depends on the definition 
of the stress vector. The nonlocal theory of elasticity, however, has been applied in 
various fields including elastic wave dispersion, mechanical decomposition, etc.  
The Eringen nonlocal elasticity theory (ENET) has been applied in many theoretical 
investigations on the free vibrations of nanoparticles and nanobeams taking into account 
the assumptions of Euler-Bernoulli (EBT) and Timoshenko beams (TBT) models [20-
27]. Another area of research which is emerging due to its current as well as future 
applications is therefore theoretical studies on the nanoscale behavior of rotating 
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micro/nanobeams in different environment. Rotating nanostructures include different 
fields like nano-turbines, nano gears and motors and miniaturized bearings.  
Taking into account a great deal of studies on the sustainability of rotating nanoscale 
structures, this idea is expected to draw significant attention in the future; existing 
samples include the analysis of molecular carbon nanotubes and gears, nano-motors and 
nano-shafts [28, 29]. The dynamics of rotating nanotubes and gears were investigated by 
Srivastava [30] under a single imposed laser beam. The mathematical modeling for 
rotating nanomotor was carried out by Lohrasebi and Rafii-Tabar [31]. 
Nanoelectromechanical (NEMS) devices emerge as the next generation of advanced 
technology, which is capable of making a significant evolution in people's lives.  
Considering that rotating motors and other devices are particularly of interest in 
advanced technology, nanobeams under rotation are analyzed in the present research to 
determine their vibrational characteristics. The analysis of vibrational behavior of rotating 
beam-like structures in the framework of classical theory, thanks to their significance in 
practical applications, has been an interesting and challenging question in recent decades. 
Some of these fundamental studies are conducted on homogenous rotating beam 
structures [32–40]. 
Research of different features of nanoscale beams is an attractive subject in 
nanotechnology as it encompasses the electronic and optical characteristics of nano-
devices. The main objective of this article is to discover the vibrational behavior of 
rotating isotropic nanobeams in a mathematical framework using the Eringen's nonlocal 
theory of elasticity. Since the rotating devices such as rotary engines are of particular 
importance to such modern technologies, the vibration characteristics of rotating 
nanobeams are investigated in the current research work. The considered model is on the 
basis of the Euler-Bernoulli theory, generalized dual phase-lag heat conduction and 
includes the Coriolis and spin-smoothing phenomena. For the first time ever, the features 
of the mentioned advanced nano-rotating mechanism are reported. This study would 
contribute to a thorough understanding of the dynamics of rotating nanobeams. Different 
aspects of the studied model including thermomechanical vibration, point load and 
nonlocal effects are taken into account. Moreover, numerical examples are presented to 
indicate the impact of several parameters on the deflection, temperature change and 
bending moment of rotating nanobeams. This study will recognize various requirements 
for design and production of environmentally sensitive resonator machines.  
2. NONLOCAL MODEL OF THERMOELASTICITY 
Eringen [17] theoretically introduced a fundamental continuum mechanics in the 
context of nonlocal theory of elasticity to explore the structural issues at micro-scale 
dimensions. For nano-scale beams, the general governing equations of nonlocal 
constituent relations can be described as follows [18]  
 [1 − (𝑒0𝑎)
2∇2]𝜏𝑘𝑙 = 𝜎𝑘𝑙 , (1) 
where 𝑒0 denotes a correlation coefficient depending on the type of material, 𝑎 stands 
for the internal length scale, ∇2 refers to the Laplacian operator,𝜏𝑘𝑙symbolizes the 
nonlocal stress tensor and 𝜎𝑘𝑙 represents the classic stress tensor. The classical elasticity 
equation is accessible if parameter 𝑎 takes zero value (𝑒0𝑎 = 0).  
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The constitutive equation is expressed as 
 𝜎𝑖𝑗 = 2𝜇𝑒𝑖𝑗 + [𝜆𝑒𝑘𝑘 − 𝛾(𝑇 − 𝑇0)]𝛿𝑖𝑗 , (2) 
in which 𝜇 and 𝜆 represent the Lame coefficients and 𝛿𝑖𝑗 refers to Kronecker’s delta 
operator. Moreover, 𝜃 = 𝑇 − 𝑇0 stands for a temperature change with respect to reference 
temperature 𝑇0, 𝑒 = div ?⃗?  is the volumetric strain and ?⃗?  denotes the displacement vector. 








The modified heat conduction equation that includes two phase lags is described as 
follows [2-4]: 
 (1 + 𝜏𝜃
𝜕
𝜕𝑡















− 𝜌𝑄), (4) 
where 𝑄 represents the heat source, 𝛾 = 𝐸𝛼𝑇/(1 − 2𝜈), in which 𝛼𝑇 is the thermal 
expansion constant, 𝐸 denotes the module of elasticity, 𝐾 implies the thermal 
conductivity, 𝐶𝐸 refers to the specific heat and 𝜌 symbolizes the density of material.  
The theory of classical thermoelasticity, i.e. the Lord and Shulman model [1], and 
dual-phase-delay model [2-4] can be derived from Eq. (3) for the selection of different 
phase lag parameters 𝜏𝜃 and 𝜏𝑞. 
 By putting 𝜏𝜃 = 𝜏𝑞 = 0 in Eq. (3), we get the nonlocal theory of coupled 
thermoelasticity (CTE). 
 The generalized theory of nonlocal thermoelasticity (LS theory) can be obtained 
by putting 𝜏𝜃 = 0 and 𝜏𝑞 = 𝜏0 (𝜏0refers to the relaxation time). 
 The nonlocal dual-phase-lag model (DPL) is accessible when 𝜏𝜃 falls within the 
interval [0, 𝜏𝑞]. 
It is worth mentioning that if one of the thermo-physical characteristics (𝐾,𝐶𝐸and 𝜌) 
depends on temperature, Eq. (3) is converted to a nonlinear partial differential equation. 
3. PROBLEM FORMULATION 
Fig. 1 displays the configuration of a thermoelastic rotating nanoscale beam. The 
considered nanobeam has thickness ℎ, width 𝑏 and length 𝐿. The 𝑥-axis lies in the axial 
direction of nanobeam and its width and thickness are in 𝑦 and 𝑧 directions, respectively. 
Initially, it is supposed that the nanobeam is stress free and the temperature is tentatively 
at 𝑇0.The displacement components can be described as follows: 
 𝑢 = −𝑧
𝜕𝑤
𝜕𝑥
,     𝑣 = 0,     𝑤 = 𝑤(𝑥, 𝑡), (5) 
where 𝑤 denotes the transverse deflection. 
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Fig. 1 Schematic configuration of rotating nanobeam 
Eq. (5) can be used to simplify the one dimension constitutive relationship (1) as  






+ 𝛼𝑇𝜃), (6) 
in which 𝜎𝑥 indicates the nonlocal axial thermal stress, 𝛼𝑇 = 𝛼𝑡/(1 − 2𝜈) and 𝜉 =
(𝑒0𝑎)
2. Bending moment M may be calculated by the following integration formula: 




Thereby, the following partial differential equation is satisfied by the bending 
moment after substituting Eq. (6) into Eq. (7)  






+ 𝛼𝑇𝑀𝑇), (8) 
where 𝐸𝐼 and 𝐼 = 𝑏ℎ3/12 represent the bending rigidity of nanobeam and cross-sectional 
moment of inertia, respectively. In Eq. (8), 𝑀𝑇 indicates the thermal moment of 








It is assumed that the nanoscale beam is distributed by a transversely varying 








It is supposed that the nanobeam rotates with angular velocity Ω  (about the axis 
which is parallel to 𝑧 axis) centered at a small distance 𝑟 from the left edge of the 
nanobeam. Centrifugal tension force 𝑅(𝑥) is introduced as a result of rotation. In this 
case, the equation of motion (10) is given as [41] 














Centrifugal force 𝑅 vanishes when angular velocity Ω is equal to zero and the 
nanobeam is in stationary state.  
The centrifugal stiffening effect can be modeled by including axial-type load 𝑅(𝑥) 
which can be described as [41, 42] 




in which x represents the distance from the origin (see Fig. 1). Parameter 𝑟 refers to the 
distance from the rotation axis to the left edge of the nanobeam (a hub radius in Fig. 1). 





[(𝐿 + 𝑟)2 − (𝐿 + 𝑥)2]
               =
𝜌𝐴Ω2
2
[(𝑟 − 𝑥)(2𝐿 + 𝑟 + 𝑥)]
 (13) 
For calculating bending moment 𝑀(𝑥, 𝑡), Eqs. (11) and (13) can be utilized 
 𝑀(𝑥, 𝑡) = 𝜉 (𝜌𝐴
𝜕2𝑤
𝜕𝑡2






)) − 𝐸𝐼 (
𝜕2𝑤
𝜕𝑥2
+ 𝛼𝑇𝑀𝑇) (14) 




























= 0 (15) 
In the absence of heat source (𝑄 = 0), the modified heat conduction relation (4) can 
be defined as 
 (1 + 𝜏𝜃
𝜕
𝜕𝑡
















4. THERMAL PROPERTIES OF MATERIALS 
The identification of nonlinear problems will be carried out if the material properties 
are temperature-dependent which means specific heat 𝐶𝐸 and thermal conductivity 𝐾 
depend upon the temperature distribution [28]. In the current work, it is assumed that 
other physical parameters are constant and not dependent on the temperature changes 
[43]. The material's thermal conductivity 𝐾 is supposed to be defined by a linear function 
of temperature change [44] as follows: 
 𝐾𝑥 = 𝐾𝑥(𝜃) = 𝐾0(1 + 𝐾1𝜃), (17) 
in which parameter 𝐾0 denotes the thermal conductivity at reference temperature T0 and 
𝐾1 denotes a factor that characterizes thermal conductivity variability.  
By substituting Eq. (17) into Eq. (16), the partial nonlinear differential equation is 
obtained in the form 
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 𝐾0 (1 + 𝜏𝜃
𝜕
𝜕𝑡
















The previous equation can be converted to a linear equation by defining the mapping 
[43] 




After inserting Eq. (17) into Eq. (19) and computing the integration, we have [43] 
 𝜓 = 𝜃(1 + 1
2
𝐾1𝜃). (20) 
Through differentiating relation Eq. (20) with regard to distance variable and also 














By employing Eqs. (21) and (22), therefore, the heat conduction equation (18) is 
simplified to 




























in which 1/𝜂 = 𝐾/𝜌𝐶𝐸stands for thermal diffusivity. 
5. SINUSOIDAL SOLUTION 
In order to calculate the solution of the problem, we take the temperature change 
response as a sinusoidal solution 



























= 0, (25) 
 𝑀(𝑥, 𝑡) = 𝜉 (𝜌𝐴
𝜕2𝑤
𝜕𝑡2



































Some nondimensional variables are provided below for the sake of generality 
 
{𝑢′, 𝑥′, 𝐿′, 𝑤′, 𝑧′, ℎ′, 𝑏′} = 𝜂𝑐{𝑢, 𝑥, 𝐿, 𝑤, 𝑧, ℎ, 𝑏},     {𝑡′, 𝜏𝑞
′ , 𝜏𝜃
′ } = 𝜂𝑐2{𝑡, 𝜏𝑞 , 𝜏𝜃},
𝜉′ = 𝜂2𝑐2𝜉,     {Θ′, Ψ′} =
1
𝑇0
{Θ,Ψ},     𝑀′ =
1
𝜂𝑐𝐸𝐼
𝑀,     𝑞′ =
𝐴
𝐸𝐼































= 0 (29) 
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In Eqs. (29)-(31), the primes are omitted for the sake of simplicity. 
A specific type of external transverse load is now taken into account. It is considered 
that the vertical load decays exponentially with time, acting towards the thickness of the 
beam [45] as follows 
 𝑞(𝑥, 𝑡) = −𝑞0(1 − 𝛿e
−𝛽𝑡) (32) 
where 𝑞0 is the magnitude of the dimensionless point load and 𝛽 is the dimensionless 
decaying parameter of the external force, respectively (𝛿 = 0 can be used in the case of 
uniform distributed force). 
It is also assumed that the system works at constant rotating speed and centrifugal 
tension load 𝑅(𝑥) is considered to have its maximum value (at𝑥 = 0) which takes the 
following form [41] 
 𝑅𝑚𝑎𝑥  = ∫ 𝜌𝐴Ω
































= 0 (34) 
The bending moment in Eq. (31) may also be defined as  

















The initial conditions are supposed to be  
 Ψ(𝑥, 0) =
𝜕Ψ(𝑥,0)
𝜕𝑡
= 0,    𝑤(𝑥, 0) =
𝜕𝑤(𝑥,0)
𝜕𝑡
= 0. (36) 
The nanobeam subjects to the following boundary conditions: 
 Doubly-clamped ends with the following conditions 





= 0. (37) 
 The nanobeam is harmonically heated as 
 Θ(0, 𝑡) = Θ0 cos(𝜔𝑡) ,     𝜔 > 0, (38) 
in which Θ0 is its amplitude and 𝜔 denotes the thermal angular frequency. In the case of 
𝜔 = 0, the above condition is utilized for thermal shock loading. 
Using Eq. (15) and Eq. (20) yields 









= 0. (40) 
10 A. E. ABOUELREGAL, H. M. SEDIGHI, S. A. FAGHIDIAN, A. H. SHIRAZI 
6. LAPLACE TRANSFORM STRATEGY 

























− ?̅?(𝑠) (41) 














 ?̅?(𝑥, 𝑠) =
12𝜉𝑠2
ℎ2









Θ̅ − 𝜉?̅?(𝑠) (43) 







The following differential equation can be obtained once function Θ ̅is extracted from 
















(𝐴5𝐴1 + 𝐴2 + 𝐴4𝐴6),     𝐵 =
1
𝐴1




𝐴1 = (1 +
6𝜉𝐿Ω2(2𝑟+𝐿)
ℎ2































Then the general solution for 𝑤 ̅̅ ̅can be achieved by solving the differential Eq. (44) as 
follows  






𝑗=1  (46) 
From the given boundary conditions, undetermined parameters 𝐶𝑗, (𝑗 = 1,2. . ,6), can be 
calculated. Parameters  𝑚1
2, 𝑚2
2 and 𝑚3
2 also satisfy the following equation  
 𝑚6 − 𝐴𝑚4 + 𝐵𝑚2 − 𝐶 = 0 (47) 
Eq. (46) is incorporated into Eq. (41) and yields 






− (𝐴2 + 𝐴4𝐴6)
d2?̅?
d𝑥2
+ 𝐴3?̅? + ?̅?(𝑠)] (48) 
With the help of Eq. (46), the solution of Eq. (48) can be simplified as   




− 𝐻4, (49) 
where 




4 − (𝐴2 + 𝐴4𝐴6)𝑚𝑗




Bending moment ?̅? is determined from (43) using the solutions (46) and (49)  
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 ?̅?(𝑥, 𝑠) = ∑ 𝐿𝑗(𝐶𝑗e
−𝑚𝑗𝑥 + 𝐶𝑗+3e
𝑚𝑗𝑥)3𝑗=1 + 𝐿4 (51) 
where 
 𝐿𝑗 = −(𝐴1𝑚𝑗
2 + 𝐴4𝐻𝑗 − 𝐴0), 𝐿4 = ?̅?(𝑠) (𝐴4𝐻4 −
𝐴0𝐴5
𝐶𝐴1




Axial displacement ?̅? can be calculated by using Eq. (46)  





𝑚𝑗𝑥)3𝑗=1 . (53) 
Boundary conditions (37)-(40) are reduced in the Laplace transform field to 





= 0, (54) 













= 0. (56) 
By applying these conditions in Eqs. (46) and (49), the following system of equations are 
obtained 











𝑗=1  (58) 
 ∑ 𝑚𝑗












𝑗=1  (60) 
 ∑ 𝐻𝑗(𝐶𝑗 + 𝐶𝑗+3)
3
𝑗=1 = 𝐻4 + ?̅?(𝑠), (61) 
 ∑ 𝑚𝑗𝐻𝑗(𝐶𝑗𝑒
−𝑚𝑗𝐿 − 𝐶𝑗+3𝑒
𝑚𝑗𝐿)3𝑗=1 = 0, (62) 
Parameters 𝐶𝑗 , (𝑗 = 1,2. . ,6) are unknown and have to be determined and, thereby, the 
analytical solutions for the physical parameters in the Laplace domain can be achieved. It 
is difficult to take the Laplace inversion of the complicated transformed field variables 
expressions. Within the next section, the results are evaluated numerically using the 
expansion technique of the Fourier series.  
Temperature ?̅? can be obtained by solving Eq. (20) after applying the Laplace 
transform as 
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7. LAPLACE TRANSFORM INVERSION 
With the aim of solutions in the physical domain, at last, we invert the transformation 
of Laplace to the functions that govern the motion of the system. We now follow a 
numerical overlay strategy based on an extension of the Fourier series [46]. Any 
functions in the Laplace domain, i.e. ?̅? (𝑥, 𝑠), is transferred to the time domain, i.e. 
𝑔(𝑥, 𝑡), by using the following procedure: 









where 𝑁 represents a large value denoting the number of truncated terms in the original 
Fourier series and can be selected to satisfy  
 e𝑐𝑡Re {(−1)𝑛?̅? (𝑥, 𝑐 +
i𝑛𝜋
𝑡
)} ≤ 1, (65) 
in which 1 is a small positive integer corresponds to achieve the desired accuracy. 
Various numerical studies demonstrated that parameter 𝑐 can be determined as 𝑐𝑡 ≈ 4.7 
for appropriate convergence [47]. 
8. RESULTS AND DISCUSSION 
Throughout this section, some discussions and numerical results are provided to 
illustrate the general response of the problem. Moreover, the numerical examples are 
presented to explore the impacts of the physical fields analyzed with three appropriate 
parameters. Specific physical parameters are taken into consideration from the published 
works in the literature for computational purposes. In our analysis, the following 
properties are utilized for silicon-based material:  
𝐸 = 169 GPa,     𝜌 = 2330 (
kg
m3













We consider a nanobeam with dimensionless parameters as given in Eq. (24). The 
following values are set in our calculations, i.e., 𝐿/ℎ = 10and 𝑏/ℎ = 0.5. The 
dimensionless length is taken as 𝐿 = 1 and it is assumed that 𝑡 = 0.1. 
As mentioned before, a linear function of temperature change 𝜃 is considered for the 
thermal conductivity of the material (see Eq. (13)). Figs. 2-5 show the variations of 
nondimensional displacement, bending moment and temperature gradient for different 
values of 𝐾1-parameter to illustrate the thermal properties of the nanobeam that vary in 
terms of temperature variable 𝜃. Two different thermal conduction parameters will be 
considered. When the thermal conductivity depends on temperature, values 𝐾1 = −1 and 
𝐾1 = −0.5 are taken into account. If the thermal conductivity remains constant, then 𝐾1 
is equal to zero. It is assumed that the other parameters are fixed and take the values 𝜉 =
0.01, 𝜔 = 5, Ω = 0.3, 𝜏𝑞 = 0.02 and 𝜏𝜃 = 0.01. 
From the illustrative results, it is observed that any change in parameter 𝐾1 has a 
remarkable influence on all studied fields that proves that the consideration of variable 
thermal conductivity is essential for this kind of analysis. It is also noted that the behavior 
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of nanostructures are dependent on temperature changes and with the increase in the 
external temperatures, the results of small-scale nonlocal theories also increase. 
The variation of deflection 𝑤 versus distance x for different values of thermal 
conductivity parameter 𝐾1 is shown in Fig. 2. As can be seen, increasing the values of 
parameter 𝐾1 results in decreasing lateral vibration 𝑤. Fig. 2 illustrates that the deflection 
distribution 𝑤 has zero values at both ends (i.e. disappears) and meets the limit conditions 
of the rotating nanobeam at 𝑥 = 0 and 𝑥 = 𝐿. Temperature 𝜃 is also depicted in terms of 
parameter 𝐾1in Fig. 3. Temperature 𝜃 will decrease while distance x becomes larger to 
drive towards wave propagation, as shown in Fig. 3.  
From theoretical experiments, it is found that the thermal conductivity of pure metals 
decreases as the temperature increases. However, the thermal conductivity drops 
dramatically as the temperatures exceed absolute zero [48]. Fig. 3 indicates that any 
reduction in parameter 𝐾1 results in increasing temperature values 𝜃. This phenomenon is 
verified by the experimental results reported by Abo‐ Dahab et al. [49]. 
 
Fig. 2 Deflection 𝑤 under the influence of variable thermal properties 
 
Fig. 3 Temperature 𝜃 under the influence of variable thermal properties 
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Fig. 4 demonstrates that the values of displacement decrease from 0 to 0.3 and 
consequently in the range 0.3 to 0.8 shift upward to the highest amplifications. In 
addition, the values of 𝑢 vary linearly in the last interval 0.8 ≤ 𝑥 ≤ 1 of wave 
propagation. It should be noted that the displacement distribution is highly influenced by 
the variation of parameter 𝐾1.  
According to Fig. 5, the effect of parameter 𝐾1is revealed as increasing the 
distribution of bending moment 𝑀 which implies that the impact of thermal conductivity 
variation cannot be disregarded [48]. The mechanical characteristics of the nanobeam 
emphasize that the wave propagates in the medium with finite speed [49].  
 
Fig. 4 Displacement 𝑢 under the influence of variable thermal properties 
 
Fig. 5 Bending moment 𝑀 under the influence of variable thermal properties 
In the second case, the influence of angular rotation velocity Ω on the dimensionless 
field quantities is illustrated. It is supposed that our findings are consistent with both 
nonlocal parameter 𝜉, the angular excitation of thermal load 𝜔, and phase lags 𝜏𝑞 and 𝜏𝜃. 
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Our calculations are performed using fixed values for system parameters as 𝜉 = 0.1, 𝜔 =
5, 𝜏𝑞 = 0.02 and 𝜏𝜃 = 0.01.  
The variations of the fields studied for three assigned values of rotational speed (Ω =
0, 0.1, 0.3) are shown in Figs. 6-9. In the case of stationary nanobeam, the rotational 
speed is set to be zero (Ω = 0), as a special case in our simulations.  
The variation of angular speed Ω which cases the variation in deflection w, is depicted 
in Fig. 6. As indicated, this parameter is found to have a substantial effect on the 
distribution of deflection 𝑤 by comparing the results of stationary beam with rotating 
one. When angular velocity Ω becomes larger, deflection 𝑤 takes smaller values. The 
obtained results are consistent with those reported by Ebrahimi et al. [50]. 
The variation in temperature 𝜃 with respect to distance 𝑥 is verified by assuming 
different values for rotational speed Ω, as demonstrated in Fig, 7.  
 
Fig. 6 Deflection 𝑤 vs angular velocity Ω 
 
Fig. 7 Temperature 𝜃 vs  angular velocity Ω 
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Clearly, the temperature shifts upward as angular velocity Ω increases which is also 
consistent with the observations of Ebrahimi and Shafie [50, 51].  
Fig. 8 presents a survey of the impact of angular speed Ω on the variation of 
displacement 𝑢. It is inferred that the curves that reflect the displacement field are 
influenced by the rotation. This figure shows that at certain ranges, by increasing the 
rotation speed, the distribution of displacement 𝑢 sharply decreases at first and then 
slightly increases. Fig. 9 shows the influence of the variation of angular velocity Ω on the 
distribution of bending moment 𝑀for rotating nanobeams. It is observed from the figure 
that the rotation of the nanobeam has a great effect on the values of bending moment and 
the amplitude of the moment becomes larger by increasing angular velocity Ω.  
 
Fig. 8 Displacement 𝑢 vs angular velocity Ω 
 
Fig. 9 Bending moment 𝑀 vs angular velocity Ω 
One of the objectives of this study is to explore the mechanical features of certain 
nano-devices such as nano-turbine blades [52] in the presence of temperature field and 
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angular velocity which may provide valuable insights for designers and engineers. From 
the previous observations, one can also deduce the major impact of rotation on the 
distribution of physical properties of such devices. It should be emphasized that the 
findings are in line with the earlier results in Refs. [53-55].  
When the values of parameters (𝜔,𝐾1, Ω, 𝜏𝑞 , 𝜏𝜃) are fixed, the effect of the nonlocal 
parameter 𝜉 on the non-dimensionalfield variables can be examined. Through Figs. 10-
13, along the axial direction, the thermoelastic behavior of rotating nanobeam is shown 
by plotting the variations of displacement u, bending moment M, deflection w and 
temperature 𝜃. The values of nonlocal parameter are considered to be 𝜉 = 0 (classical 
theory), 𝜉 = 0.01 and 𝜉 = 0.03 for comparison. The figures exhibit that the nonlocality 
of the nanobeam has distinct influences on all fields studied and illustrates the difference 
between classical thermoelasticity theories and nonlocal ones.  
For various three assigned values of nonlocal scaling parameter 𝜉, Fig. 10 shows 
different curves for the deflection of non-rotating nanobeam. It can be seen that with an 
increase in the nonlocal parameter, the deflection becomes very small and the dispersed 
nature turns into a non-dispersed form. The temperature distributions are also shown for 
various nonlocal scaling parameter versus axial direction x, in Fig. 11. It is concluded that 
the temperature convergence can be achieved by increasing the nonlocal scaling 
parameter. Fig. 12 demonstrates that the displacement amplitude increases with the 
nonlocal parameter due to the inclusion of nonlocality in the thermoelastic model. The 
influence of the nonlocal parameter 𝜉 on the variation of bending moment is presented in 
Fig. 13. One observes that as the nonlocal scale parameter increases, the bending moment 
tends to decrease substantially.  
It is worth mentioning that our findings and conclusions are in agreement with those 
reported in the literature [56]. The results typically confirm that one should expect 
significant diversity in the results by considering the nonlocality of nanobeam rather than 
classical one. The distinction between classical thermoelasticity models and nonlocal 
thermoelasticity theories in thermal fields is justified [57]. In the nanoscale systems and 
devices, the impact of this parameter should also be taken into account. 
 
Fig. 10 Deflection 𝑤 distribution vs nonlocal parameter 𝜉 
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Fig. 11 Temperature 𝜃 distribution vs nonlocal parameter 𝜉 
 
Fig. 12 Displacement 𝑢 distribution vs nonlocal parameter 𝜉 
 
Fig. 13  Bending moment 𝑀 distribution vs nonlocal parameter 𝜉 
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As the last effort in this research, the variations of different fields variables in terms 
of the point load 𝑞0 are plotted in Figs. 14-17. There are three different non-dimensional 
values for point load 𝑞0 which are taken into account for the sake of comparison. The 
plotted curves show the distinct effect of the point load on the results. In the case of 
uniform distributed load, it is assumed that 𝛿 = 0, and for the point load with exponential 
decay in time, it is considered that  𝛿 = 1. Clearly, the difference between the outcomes 
becomes more significant with increasing amplitude of point load 𝑞0. Figs. 14-17 indicate 
that there is a greater discrepancy between u and w quantities by increasing the point load 
compared to those for bending moment and temperature gradient. 
It is also noted from these figures that the absolute values of the field variables 
become larger when the exponential decay with respect to time is considered for point 
load 𝑞0 [58, 59].  
 
Fig. 14 Deflection 𝑤 under the influence of point load 𝑞0 
 
Fig. 15 Temperature 𝜃 under the influence of point load 𝑞0 
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Fig. 16 Displacement 𝑢 under the influence of point load 𝑞0 
 
Fig. 17 Bending moment 𝑀 under the influence of point load 𝑞0 
9. CONCLUSIONS 
This research focused on the wave dispersion behavior of rotating nanobeam on the 
basis of the nonlocal elasticity theory in conjunction with generalized thermoelasticity 
with phase-lag. The systems of governing equations were derived in the context of the 
Euler-Bernoulli beam theory. The thermal conductivity of nanobeam and modulus of 
elasticity were considered to be temperature-dependent. For a uniform rotating 
nanobeam, the governing equations were extracted considering the variability of thermal 
conductivity and nonlocal scale effect. The nanobeam surface was assumed to be 
thermally loaded with uniformly heat source by considering the exponential decay with 
time. The effects of dynamic load, nonlocal parameter, rotating speed and thermal 
conductivity variations on the field variables were graphically described and examined. 
Our findings showed the following important results:  
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 The variation of the thermal conductivity affects the wave propagation rate of all 
of field variables. Physical fields strongly depend on the variation of the thermal 
conductivity.  
 The dependency of the thermal conductivity on the temperature causes a 
significant influence on the mechanical and thermal interactions.  
 The nonlocal parameter effects are considered to be significant on all fields 
studied.  
 The presence of dynamic load has a considerable impact on the results of all 
physical quantities.  
 There are significant differences between the results of point load with 
exponential decay and those obtained in the case of uniformly distributed one. The 
thermoelastic stresses and temperature gradient, on the other hand, are highly 
dependent on the angular frequency of the thermal loading.  
Current research may be used in applications including micro and nano mechanical 
gears, micro-mirrors for light guiding purposes in image projection devises, micro-
turbine blades, micro accelerometers (Fig. 18), resonators, frequency filters and relay 
switches.  
 
Fig. 18 (a) Micro scale mechanical gear, (b)Micro-Mirror, (c) Micro-Turbine, (d) Micro 
scale accelerometer 
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